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The equivalence of Rj-integral to
Dj-integral
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Abstract. Given two real numbers a and b where a < b. Let §
be a nonnegative real function on interval [a,b]. By changing the
role of interval system on R by d-fundamental interval system, we
construct the d-Henstock integral (Rj-integral) of real function on
[a,b]. We discuss some properties of the integral. Furthermore, we
also discuss the equivalence of Rj-integral to d-special Denjoy integral
(Dj-integral).
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1. Introduction

There are two types on defining the integrable function in a cell:
namely, descriptive type and constructive type. Descriptive type integral is
defined by the characteristics of its primitive function, whilst the construc-
tive integral is defined by the limit of Riemann sum of partition on the cell
(I3])-

The examples of descriptive type integral are Lebesgue integral which
is constructed by H. Lebesgue in 1968 ([7]), Approximately continuous
Perron integral which is contructed by Burkill in 1931 ([2]) , General-
ized Approximately Continuous integral has been introduced by Ganguly
and Mukherjee ([4]), whilst Denjoy integral has been inruduced by Kubota
([9], [10], [11]), Restricted Denjoy integral ([5]), and d-special Denjoy by
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Manuharawati ([15]). The examples of constructive integral are Riemann-
Lebesgue integral ([5]), Riemann Complete integral or Henstock integral
which was constructed by R. Henstock in 1968 ([7]), Pettis integral ([16],
[17]), and Generalized Riemann integral was constructed by McLeod ([8],

[14]).

To accommodate the integral user, many mathematicians examine
the relationship between the descriptive integral and constructive integral,
and even researchers have proved the equivalence between the two types of
integrals. These proofs have been done by Kubota in 1980, which proved
that Henstock integral is equivalent to special Denjoy integral ([12]).

Bullen in 1980, has proved that the Burkill Approximately Continuous
integral is equivalent to the Approximately Continuous Perron integral and
the Pettis integral is equivalent to the Lebesgue integral ([1], [17]), and
Gordon ([6]) has also proved that Generalized Riemann and Restricted

integral are equivalent.

By substituting the d-fine partition of [a,b] in the definition of Hen-
stock integral in [a, b] with the §-fundamental partition of [a, b], we construct
a Riemann type integral or constructive integral type here in which is called

0-Henstock or Rj-integral and it is discussed some properties in it.

Furthermore, by using the ideas of Kubota ([12]), Bullen ([1]), Tala-
grand ([17]), Gordon ([6]), and using the concept of d-continuity and its
properties, it will be proved the equivalence of the Rj-integral with Dj-

integral which constructed by Manuharawati ([15]).

2. Preliminaries

Given a positive function ¢ on a cell [a,b]. Let D, be a §-fundamental

interval system of z and G be a collection of all D, (Definition 2.1 in [15]).



The equivalence of Rj-integral to Dj-integral 109
If
A =A{[l,m]:l,m € Dy,l <z <m,D, € G}

then A is cover of [a,b] and is called fundamental full cover (FFC) of [a, b]
and G is called a generator of FFC-A.

Definition 2.1. Given a positive function § on [a,b], and G = {D,} be a

generator of FFC-A on [a,b]. A é-fundamental partition on [a, b] is a set
P = {a’ = Qp, a1, a2,,0an = ba Zo, L1, X2, 7:677.} = {[’LL, U],.I}

with properties a;—1 < x; < a; and a;—1,a; € Dy, €G.

Theorem 2.2 ([8, p.77] For every FFC of a cell [a,b] there exists a 0-

fundamental partition of [a,b].

3. Results and discussion

Definition 3.1. Let § be a nonnegative real function on a cell [a,b]. A
function f : [a,b] — R* is said to be §-Henstock integrable function on
[a, b], and denoted by f € Rj[a, b] if there exists a real number L such that
for every real number € > 0 there exists FFC-A on [a, b] such that for any

d-fundamental partition P = {[u, v]; x} of [a, b] implies

IL—(P)Y (f@)w—w)| <e.
If f € Rj[a,b] then f € Rj[a, x| for every x € [a,b].

Furthermore, if f € Rj[a,b], there exists a function F : [a,b] — R
such that

Fla) = (75 [ i

Consequently, Definition 3.1 is equivalent to the following definition.

Definition 3.2. Let § be a nonnegative real function on a cell [a,b]. A

function f : [a,b] — R™ is said to be d-Henstock integrable on [a, b], if there
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exists a real function F on [a,b] such that for every real number ¢ > 0
there exists a FFC-A on [a,b] such that for any §-fundamental partition
P = {[u,v];x} of [a,b] implies

(P) D (F(v =) = f(z)(v = )| = [Fa,b) = (P) Y _(f(a)(v —u))| <e.
A function F such as is called a Rj-primitive of f on [a, b].

Theorem 3.3 (Henstock Lemma). If f € Rj[a,b], which satisfies Defi-
nition 3.2, then for every subpartition P, of P implies

|(P) Z(F(U,v) — f(z)(v —u))| < 2e.

Proof. Let € be a real positive number. Since f € Rj[a, b], then there exists
a d-fundamental partition P = {[u, v];z} of [a,b] such that Definition 3.1
holds.

Let P, be a subpartition of P and A is the union of all [u,v] which
([w,v];2) € P and B = cl([a, b]) — A.

It is easy to prove that f € R3(B). So, if P1 = {[u,v];z} is a 6-
fundamental partition of B then Definition 3.1 is hold if P is changed by
P1.

If
Py =P.UP,

then P is a d-fundamental partition of [a, b]. Consequently
(P2) Y (F(u,v) = f@) (v —u)| < [(P2) Y (F(u,0) = f(2)(v —u))|
H(P1) Y (F(u,0) = f@) (v —u)| <e+e=2e
O

Theorem 3.4. If f € Rj[a,b] with a Rj-primitive of f on [a,b] is F' then
F € Csla, b].
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Proof. Let ¢ be an arbitrary at [a,b] and & be a real positive number.

Choose
€

2(b—a)[|f(o)] + 1)

By applying Henstock’s Lemma and axiom of d-fundamental interval ([15,

")/:

Axiom A;]), there exist a d-fundamental interval D, such that
€
[F(v) = F)] < [f{)l(v —u) + 5 <e.
Ifu,ve D, u<c<wv,v—u<vy. So, F € Csla,b]. m]

Theorem 3.5. If f € Rj[a,b] with a Rj-primitive of f on [a,b] is F' then
F € ACGjla,b).

Proof. Let € be an arbitrary real positive number. Since f € Rj[a,b], then
there is a monotone function ¢ on [a, b] such that ¢(a,b) < e and for every

x € [a,b] there is a é-fundamental interval D, such that for every
u,v € Dy ﬂ[a,b]
and u < x < v, we have
[F(v) = F(u) = f(z)(v —u)| < p(u,v)

|F(v) = F(u)] < [f(2)|(v = u) + ¢(u, v)

If for every i,n € N, we define

Yo

{w € la,0]: [f(z) < n}

1—1

Yoi = Yonla+ La+ -],
n
then [a,b] = U; nenYn,i-

Let x be an arbitrary element of Y;, and

1 1
D.=D,N[z——, 2+ —],
n n
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then by A; [15], DL, is a 6-fundamental interval at z.

Let (z1) be an arbitrary sequence on Y, ;, then there is a sequence of non

overlapping fundamental d-interval (D, ).

Since F € Cjs[a, b], then for any uy € Y, ; N Dy, , and

ar = min{x, urt,

b, = max{zy,u},

we have F' € Cs[ag, bg)-

So, there are real numbers «ay, B such that
w(F; lak, bi]) = [F(ar) = F(B)l-
Consequently, we have

> w(Filar,be]) = > [Flar) - F(By)l

keEN keN
<Y I f(aw)llaw = Bl + Y lelan) — (B
keEN keN
<n Y ok — Bl +e.
keN

£
If — — =
E lax — Br| < S = then
keEN

3" W(F; far, bi]) < 2e.

keEN

It means that, F € AC5(Y,,;).

Consequently, F' € ACGj3([a,b]). m|

Theorem 3.6. A function f is Rj-integrable on [a,b] if only if f is Dj-

integrable on [a,b].

Proof. Sufficient condition.
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Let F be a Rj-primitive of f on [a,b]. It is easy to prove that DsF(z) =
f(z) a.e on [a,b].

By Theorem 3.4 and Theorem 3.5, we have F' € Cs[a,b] and F € ACGj}([a,b]).
By applying [15, Definition 3.1], we have f € Dj([a,b]).

Necessary condition. Since f € Dj([a,b]), then we have a real function

F defined on [a, b] such that

DsF(x) = f(x) a.e on [a,b]

and
F € Cjsla, b ﬂACGE([a,b]) ([15, Definition 3.1]).
If
Y ={z €[a,b]: DsF(x)
exists but

DsF(x) # f(x).v.DsF(x)
does not exist, then u(Y) = 0.
Let € be an arbitrary positive real number and z € [a, b].
There are two cases of z, i.e. © € [a,b] =Y orz €Y.

Case 1. If z € [a,b] — Y, then there exists a §-fundamental D/, such that

e(v—u)
b—a

|F(v) = F(u) = f(z)(v —u)| <
for any u <z <wv, u,v € D), ﬂ[a,b].
Case 2. If x € Y, then for any n € N we have constructed a set

Y, ={z €[a,b] : |f(z)| < n}.

Consequently, we have

Y = UYn.

neN
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Since F' € ACGj[a,b] then there is a sequence of set (X;) such that
[a,b] = UienX;;

and

F € AC5 (X;)
for every i € N. If for every n,m € N,
Spom = Yo N Xy,

then we have:

(i) U U Sn,m:Ya

neN meN

(ii) for every & € Sy m, |f(z)| < 2%,
(iii) F € ACE(Spm)-

Since F' € ACj(Sn,m), then there exists a positive real number -, ,, such
that for any sequence (z;) on Sy, ., there exists a sequence of non-overlapping

d-fundamental interval (D} ) such that for any

u; € l)/zlI ﬂ Sn,m

and
Z |(Ei - uz| < Yn,m
€N
we have
g
ZW(F; [ai, bl]) < W
1€EN

if a; = min{x;,uw;} and b; = max{x;, u;}.

Since Sy ;m C Y, then p(Sy,m) = 0. So, there is a sequence of open interval

(1], = (u,v)), u < & < v such that

Snm € | J Bm

JEN
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and
) < s
ZM( n,m) < 22n+m’
JEN
IfreY andz € I,’i)m for a some k, then we have chosen a J-fundamental

interval D," such that D" C If .

If z € Y and z is end point of I¥ | then there is not J-fundamental interval

D, such that

,m?

D, CIf,.

Let
A={z €Y and z is end point of If)m}.

Then A is a countable set.

Since F' € Cjs[a, b] then for every x € A there exists a §-fundamental interval
D} such that for any ¢t € D} N [a,b] implies

5
|F(t) — F(x)] < pysEy
Consequently, if u,v € D}, m[a, b] with u < z < v we have

g

[F(v) = P(u)] < |F(v) = F(x)] + |F(z) = F(w)| < 5

Let A be a FFC on [a, b] with generator G = {D, },

D!, jifxefa,bl =Y
D,=¢ DJ/nD,”; ifxeYNIE
Dy pifx € Al

If P = {[u,v];x} is an arbitrary d-fundamental partition of [a, b] relative to
/A, then
P=P1UPyUP3

with
P1 = {lu,v;z} CP,x€lab]-Y;
Py = {u,v];z} CP,x€la,bN I:im; and

Pz = {[u,v);z} CP,xze A
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Consequently,
(P)> (F(v) = F(u) = f(x)(v—u))l
< [(P1) Y (F(v) = F(u) = f(z)(v —u))]
+ |(P2) Y (F(v) = F(u) — f(x)(v—u))l
+ (P3) Y (F(v) = F(u) = f(2)(v —u))| < 4e
This means that f € R}[a, b]. O

3. Conclusion

By changing the concept of interval system by d-fundamental inter-
val system over R, it is successfully constructed d-Henstock integral (Rj-
integral). Furthermore, we had proved that this integral is equvalen to

d-special Denjoy integral (Dj-integral).
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